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Clojure, state machines and TCO



Constructive Proof : Theory and Practice 
Russell's Paradox, Curry-Howard Correspondence, BHK Interpretation

1. In 1934 Curry observes that the types of the combinators could be seen as axiom-schemes for intuitionistic implicational 

logic.[3]

2. In 1958 he observes that a certain kind of proof system, referred to as Hilbert-style deduction systems, coincides on some 

fragment to the typed fragment of a standard model of computation known as combinatory logic.[4]

3. In 1969 Howard observes that another, more "high-level" proof system, referred to as natural deduction, can be directly 

interpreted in its intuitionistic version as a typed variant of the model of computation known as lambda calculus.[5]

1972 - Intuitionistic Type Theory  -  Per Martin-Löf   

 "a type theory and an alternative foundation of mathematics"

"constructive logic using dependent types" (Wikipedia)

https://en.wikipedia.org/wiki/Haskell_Curry
https://en.wikipedia.org/wiki/Typed_lambda_calculus
https://en.wikipedia.org/wiki/Axiom-scheme
https://en.wikipedia.org/wiki/Intuitionism
https://en.wikipedia.org/wiki/Curry%E2%80%93Howard_correspondence#cite_note-FOOTNOTECurry1934-3
https://en.wikipedia.org/wiki/Proof_calculus
https://en.wikipedia.org/wiki/Hilbert-style_deduction_system
https://en.wikipedia.org/wiki/Model_of_computation
https://en.wikipedia.org/wiki/Combinatory_logic
https://en.wikipedia.org/wiki/Curry%E2%80%93Howard_correspondence#cite_note-FOOTNOTECurryFeys1958-4
https://en.wikipedia.org/wiki/William_Alvin_Howard
https://en.wikipedia.org/wiki/Proof_calculus
https://en.wikipedia.org/wiki/Natural_deduction
https://en.wikipedia.org/wiki/Intuitionistic
https://en.wikipedia.org/wiki/Model_of_computation
https://en.wikipedia.org/wiki/Lambda_calculus
https://en.wikipedia.org/wiki/Curry%E2%80%93Howard_correspondence#cite_note-FOOTNOTEHoward1980-5


Programs as Proofs, with Dependent Types
"Dependently typed functional languages such as Agda [2018], Coq [2019], Idris 
[Brady 2013], and Lean [de Moura et al. 2015], provide rich and expressive 

environments supporting both programming and proving within the 
same language. "    Vezzosi, Mörtberg, Abel [1]    

"Many aspects of OO programming can be preserved in type 
theory since it unifies functional programming, component 
based programming, meta-programming (MDA), and logical 
verification"  Dapoigny, R., Barlatier, P [2]



Proof Assistants, Calculus of Constructions,  Coq,  Thierry Coquand 

Ocaml, Haskell, Isabelle, HOL, LF

Idris, Agda, Cubical-Agda - Edwin Brady 

Lean, F* - for .NET platform

We need a map!        

"λ-cube is a framework introduced by Henk Barendregt to investigate the different 
dimensions in which the calculus of constructions is a generalization of the simply 
typed λ-calculus. Each dimension of the cube corresponds to a new kind of 
dependency between terms and types. Here, 'dependency' refers to the capacity 
of a term or type to bind a term or type. "      (https://en.wikipedia.org/wiki/Lambda_cube)



λω, also called System Fω, "allows 

functions from types to types 

where the argument (and result)

may be of any order."

"In the calculus of constructions, 

denoted as λC in the cube, these three 

features  cohabit, so that both types and 

terms can depend on types and terms."

 "No system in the 
Lambda Cube is Turing complete"

"In the λP system, also named ΛΠ, and closely 

related to the Logical Framework, one has so 

called dependent types."

λ2 is also called "System F", 

is roughly the ML and Haskell 

family of languages, using
Hindley–Milner (HM) type system,

~= Generics in Scala/Rust/...

Lambda 
Cube

                    (of destiny)

https://upload.wikimedia.org/wikipedia/commons/thumb/c/cd/Lambda_Cube_img.svg/1200px-Lambda_Cube_img.svg.png

y-axis: terms that can bind types,  
=>   polymorphism.

x-axis: types that can bind terms
=>   dependent types.

z-axis: types that can bind types, 
=>   (binding) type operators.

https://en.wikipedia.org/wiki/Parametric_polymorphism
https://en.wikipedia.org/wiki/Dependent_type
https://en.wikipedia.org/wiki/Type_operator


Univalence <= HoTT
Homotopy Type Theory and Univalence emerge:  2006 to 2009

Steve Awodey, Michael Warren, Vladimir Voevodsky (b.1966, d.2017) 

Let "=" mean identical and "~=" mean equivalent.

Then Voevodsky's Univalence Axiom is:

(A = B) ~= (A ~= B)

"Identity is equivalent to equivalence ...Isomorphic things can be identified!
Homotopy type theory with the Univalence Axiom … can be carried out in a 
computer proof assistant since type theory exhibits such good computational 
properties."  (Wikipedia)



attention presenters  : do not unveil   

:Qlappy (egg TOO soft)



Building on a Cube of Univalence
Onto: RDF, OWL, SHACL FIBO,  Kbpedia, BFO K-DTT, MMT

Compiler / Prover:  Idris, Lean, F*

WWVD
=> what would Voevodsky do?



Bonus Demos : NetLogo
NetLogo is neither functional, nor strongly typed.

It is Scala-Adjacent because...it is implemented in Scala!

3D animation, 2D plots and anim, GUI widgets

Imperative high-level code, interactive eval

Time to Dream Big



● [1] VEZZOSI, MÖRTBERG, ABEL Cubical Agda: A Dependently Typed Programming Language with Univalence and Higher 
Inductive Types  https://dl.acm.org/citation.cfm?id=3341691

● [2] Dapoigny, R., Barlatier, P.   Modeling Ontological Structures with Type Classes in Coq
https://pdfs.semanticscholar.org/591d/9246c0f573a7bc9ebbf89fc53e1f1855b650.pdf 

● Awodey, S, Pelayo Á , Warren, M.A. Voevodsky’s Univalence Axiom in Homotopy Type Theory
https://www.ams.org/notices/201309/rnoti-p1164.pdf    (4 pages)  ← Start HERE!

● Angere S,  Identity and intensionality in Univalent Foundations and philosophy
https://link.springer.com/content/pdf/10.1007%2Fs11229-016-1301-z.pdf (41 pages)

● Homotopy Type Theory  aka "The HoTT Book",  by Univalent Foundations Program
https://homotopytypetheory.org/book/ (490 pages) (CC-SA3.0)

● NetLogo Website - http://ccl.northwestern.edu/netlogo/

● MMT website - https://uniformal.github.io/
● Meta-Meta-Tools and Theory Graphs (What is MMT?) - Blog Post by Logical Phalluses

http://blog.logicalphalluses.net/2016/08/20/meta-meta-tools-and-theory-graphs-what-is-mmt/

● Wikipedia Quotes about aspects of HoTT and Univalence, and the LambdaCube image are from:
https://en.wikipedia.org/wiki/Homotopy_type_theory#Key_concepts and nearby. 
https://upload.wikimedia.org/wikipedia/commons/thumb/c/cd/Lambda_Cube_img.svg/1200px-Lambda_Cube_img.svg.png

● Idris Language website - https://www.idris-lang.org
● Type-Driven Development with Idris  - book by Edwin Brady

https://www.manning.com/books/type-driven-development-with-idris

● Axiomagic  - open source project by Stu B22  = https://github.com/stub22/axiomagic

https://dl.acm.org/citation.cfm?id=3341691
https://pdfs.semanticscholar.org/591d/9246c0f573a7bc9ebbf89fc53e1f1855b650.pdf
https://www.ams.org/notices/201309/rnoti-p1164.pdf
https://link.springer.com/content/pdf/10.1007%2Fs11229-016-1301-z.pdf
https://homotopytypetheory.org/book/
http://ccl.northwestern.edu/netlogo/
https://uniformal.github.io/
http://blog.logicalphalluses.net/2016/08/20/meta-meta-tools-and-theory-graphs-what-is-mmt/
https://en.wikipedia.org/wiki/Homotopy_type_theory#Key_concepts
https://upload.wikimedia.org/wikipedia/commons/thumb/c/cd/Lambda_Cube_img.svg/1200px-Lambda_Cube_img.svg.png
https://www.idris-lang.org/
https://www.manning.com/books/type-driven-development-with-idris
https://github.com/stub22/axiomagic


Wrapup - Even More Links! 
your pals in cyberspace

Bhashit P
twitter @bhashit => https://twitter.com/bhashit

Stu B
twitter @Stu_B22 => https://twitter.com/Stu_B22

gitHub stub22  => https://github.com/stub22
gitLab stub22 => https://gitlab.com/stub22


